We propose to utilize symmetry-protected zero modes of a photonic lattice to realize a single-mode, fixed-frequency, and spatially tunable laser. These properties are the consequence of the underlying non-Hermitian particle-hole symmetry, with which the energy spectrum satisfies εm = −ε * n . Unlike in the Hermitian case, the symmetric phase of particle-hole symmetry is no longer restricted to ε = 0 but extends along the imaginary-ε axis, which is set by the single-cavity frequency and symmetry-protected against position and coupling disorder of the photonic lattice. By selectively pumping different cavities in the photonic lattice, we control the spontaneous symmetry restoration process, which provides a convenient method to tune the spatial profile of the laser without changing its frequency.
I. INTRODUCTION
Originally proposed as a model for neutrinos, Majorana zero modes have attracted considerable interest in the past decade [1] [2] [3] [4] . Their topological and non-Abelian properties have stimulated enormous research efforts in robust topological quantum computation, and condensed matter systems such as the 5/2-fractional quantum Hall liquid and semiconductor nanowires have been suggested as potential platforms to verify the existence of these exotic states [5] [6] [7] . Meanwhile, robust zero modes also exist in photoinc systems [8] , which can be both symmetry protected and topologically protected [9] . Although the effective HamiltoniansH of these photonic systems are necessarily non-Hermitian due to the lack of photon number conservation, an intimate connection exists between them and the corresponding off-shell scattering matrices S(ε) at a complex-valued energy ε [10] .
It was shown that the Bogolyubov-de Gennes equation in the Majorana basis leads to a scattering matrix satisfying S * (ε) = S(−ε) [11] , where " * " denotes the complex conjugate. This relation indicates the existence of zero modes, now defined by the poles of the S matrix on the imaginary-ε axis. They are the consequence of the underlying particle-hole symmetry [12] (also known as charge conjugation symmetry): the Hamiltonian anticommutes with an anti-unitary operator CT , where C is unitary and T is the time reversal operator. The same symmetry also leads to zero modes in a proposed photonic structure with asymmetric couplings [9] .
In fact, zero modes in photonics have been observed in various lattice systems, where identical cavities or waveguides are coupled by evanescent waves. These experimental demonstrations include, for example, the zeroth Landau level in a strained honeycomb lattice [13] , the flat band in Lieb lattices [14] [15] [16] , and a mid-gap defect state in a SSH chain [17] . The existence of zero modes in these experiments can be understood from the chiral symmetry * li.ge@csi.cuny.edu (also known as sublattice symmetry) of the system in the Hermitian limitH → H, where H anticommutes with a unitary operator.
In the Hermitian case, both chiral symmetry and particle-hole symmetry lead to a (real-valued) symmetric energy spectrum about ε = 0, and zero modes are typically excited states of the system and difficult to observe (with exceptions, for example, in p+ip superconductors [5] ). In the non-Hermitian case, however, the energy eigenvalues now become complex in general, and their imaginary parts indicate the overall decay rates of photons in the corresponding modes due to scattering, absorption and other processes. As a result, chiral symmetry and particle-hole symmetry now have different consequences: the chiral symmetry retains ε m = −ε n , whereas the particle-hole symmetry gives rise to ε m = −ε * n [11] ; zero modes form if m = n in these relations, i.e., they feature ε n = 0 and Re[ε n ] = 0 due to these two symmetries, respectively.
The imaginary part of ε changes the observability of these non-Hermitian zero modes. Since the dynamics of an energy eigenstate Ψ n (x, t) is given by e −iεnt ( ≡ 1), a non-Hermitian system with chiral symmetry is typically unstable due to energy eigenvalues in the upper complex plane (Im[ε] > 0). An exception occurs if all energy eigenvalues are real, which is possible in a non-Hermitian system if it also has parity-time (PT ) symmetry [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . The excitation of a zero mode in this case, nevertheless, faces a similar challenge as in a Hermitian system, and a resonant drive at the zero energy is typically required [13] [14] [15] . For the particle-hole symmetry, however, the entire non-Hermitian spectrum can reside in the lower half of the complex plane (Im[ε] < 0) due to the aforementioned relation ε m = −ε * n . We can then selectively pump a zero mode Ψ n (x, t) and raise the corresponding ε n (= −ε * n ) to the real axis before any other modes, at which the decay rate of Ψ n (x, t) is compensated exactly by the pump and Ψ n (x, t) undergoes a sustained oscillation.
We note that this excitation strategy is exactly to bring a mode to its lasing threshold, where ε m corresponds to a pole of the scattering matrix (see, for example, Refs. [10, 34] ). While it adds a new tool to the study of zero modes using photonic lattices, this approach falls short of providing new inspirations for a better design and control of laser properties: the "zero energy" is in fact the resonant frequency of a single cavity (ω 0 ), and a zero-mode photonic lattice laser provides the same lasing frequency as a single-cavity laser.
In this work we present an exciting perspective against this view, by exploring the spatial degrees of freedom offered by zero modes. More specifically, by pumping different cavities in a photonic lattice, we are able to tune the spatial profile of the lasing zero mode, while its frequency is pinned at the zero energy and protected against position and coupling disorder of the photonic lattice. The result is a single-mode, fixed-frequency, and spatially tunable laser, which to the best of our knowledge, is the first practical application of zero modes in photonics. In fact, we do not even require that the system has zero modes before the pump is applied. As we shall see, they can be created automatically by a spontaneous restoration process of the underlying non-Hermitian particle-hole symmetry. We note that "single-mode" here refers to a laser with a single lasing frequency, and "zero-mode" means that this lasing frequency is at ε = 0.
Below we first discuss briefly the spontaneous restoration of chiral symmetry and particle-hole symmetry in non-Hermitian systems. We then focus on the latter and exemplify it in a rectangular photonic lattice, where we explain why selective pumping leads to non-Hermitian particle-hole symmetry when the system has two sublattices. Furthermore, we analyze the aforementioned zero-mode laser and show its different spatial profiles and unique phase distributions when using different pump profiles. We also study disorders that lift non-Hermitian particle-hole symmetry in such a laser, which suggests that its frequency accuracy is comparable or even better than a single-cavity laser. Finally, we discuss non-Hermitian particle-hole symmetry in previous demonstrated PTsymmetric photonic-molecule lasers [31, 32] and more complicated photonic structures.
II. SPONTANEOUS SYMMETRY RESTORATION
A. Chiral symmetry Chiral symmetry applies to a system consisting of two sublattices A and B, where couplings only take place between two cavities belonging to different sublattices. A non-Hermitian effective Hamiltonian with chiral symmetry can be brought to the following form:
where T 1 = T † 2 and they are K ×L in size. " †" denotes the Hermitian conjugate as usual, and K, L are the sizes of the two sublattices. It is straightforward to verify thatH given by Eq. (1) anticommutes with a diagonal operator C consisting of K 1's followed by L −1's. C can be written H has an eigenvalue spectrum that satisfies the aforementioned property ε m = −ε n (see the toy models in Fig. 1 ), which can be understood by noticing that if Ψ n and ε n are one eigenstate and the corresponding eigenvalue ofH, then Ψ m = CΨ n is another eigenstate ofH with ε m = −ε n . For the special case that m = n, we have zero mode(s) ε n = 0 and the corresponding eigenstate(s) satisfies Ψ n = CΨ n e iθn = C 2 Ψ n e 2iθn . Given that the aforementioned operator C satisfies C 2 = 1, θ n can only be 0 or π and as a result, Ψ n vanishes on one of the sublattices, which can be referred to as a dark state. We note that the Lieb's theorem [35] still applies in the non-Hermitian case, i.e., there are at least |K − L| symmetry-protected dark states on sublattice
Because the dark states possess the same (chiral) symmetry as the system itself, they define the symmetric phase of the effective Hamiltonian, whereas the finiteenergy modes satisfying Ψ m = CΨ n (m = n) represent the broken-symmetry phase. Spontaneous restoration of chiral symmetry is possible, i.e., two finite-energy eigenvalues become zero simultaneously. This situation, however, takes place only at singular point(s) in the parameter space, where the matrix rank of T 1 or T 2 becomes lower than min(K, L). In Fig. 1 (b) we show one example for a toy model consisting of four cavities, and two modes coalesce at ε = 0 when the parameter h is equal to g, where the rank of T 2 reduces to 1 and becomes smaller than K = L = 2.
B. Particle-hole symmetry
Similar to the discussion above, the eigenstates of a system with non-Hermitian particle-hole symmetry can also exist in two phases, i.e., the symmetric phase where Ψ n = e iθn CT Ψ n , ε n = −ε * n and the broken-symmetry phase where Fig. 2(a) ]. The major differences between the spontaneous symmetry restoration of these two symmetries are two-fold. First, the symmetric phase here is no longer restricted to where ε = 0; it now extends in the parameter space where ε n is imaginary. As such, spontaneous restoration of non-Hermitian particle-hole symmetry is relatively easy to achieve, as we exemplify below using a two-dimensional photonic lattice.
In addition, Ψ n in the symmetric phase are no longer dark states that have non-zero intensity only on one sublattice [see Fig. 2(c) ]. This is because or π in the chiral symmetric phase is analogous to the additional phase angle of the wave function introduced by exchanging two anyons versus bosons or fermions [36] . For a system with two sublattices A, B and the aforementioned diagonal operator C, the only requirement on Ψ n ≡ (
) in the symmetric phase is that 2Arg(Ψ A ) p , 2Arg(Ψ B ) q are independent of the lattice positions p, q and they differ by π. In other words, Ψ A can be made real while Ψ B imaginary by choosing a proper global phase of Ψ n [see Fig. 2(e) ]. This unique phase distribution distinguishes the wave function of a zero mode from that of a finite-energy mode in the broken phase of particle-hole symmetry [see Fig. 2(f) ].
III. ZERO-MODE LASER A. Model system
In this section we first explain why the photonic lattice with locally pumped and otherwise identical cavities shown in Fig. 2 can be described by an effective Hamiltonian with particle-hole symmetry. We start by noting that many experimentally realizable photonic lattices consist of two sublattices, including the square lattice, honeycomb lattice [13] , Lieb lattice [14] [15] [16] and so on. The couplings between the two sublattices can be represented by a Hermitian matrix H that satisfies chiral symmetry:
The effective Hamiltonian of the non-Hermitian photonic lattice is completed by including the cavity decay rate κ 0 and the pump strength γ p :
where δ pq is the Kronecker delta. The real diagonal matrix H 1 commutes with the unitary operator C specified before, and hence iH 1 satisfies particle-hole symmetry but not chiral symmetry. Now if the couplings in T are real (in the case of evanescent wave coupling, for example), then H has particle-hole symmetry as well and so doesH. If all γ p are the same (denoted by γ), then the spectrum ofH is simply shifted from that of H by γ − κ 0 along the imaginary-ε axis. Apparently varying γ does not lead to spontaneous symmetry restoration or breaking of the eigenstates, nor does it favor a zero mode (if exists) to be the lasing mode. Therefore, we are more interested in the case that not all γ p are the same, i.e., we require a selective pump configuration where γ p vary from cavity to cavity. Such a selective pumping scheme has been employed in lasers to explore phenomena such as laser self-termination [10, [37] [38] [39] and chaos-assisted tunneling [40] .
In Fig. 2 we have shown one example of a rectangular lattice with four cavities on each side and nearest neighbor couplings g x,y in the horizontal and vertical directions. Before the pump is applied, the system (and its eigenstates) is separable along the two directions, i.e., Ψ n (x, y) = ψ(x)φ(y), and the 1D sublattices that determine ψ(x), φ(y) satisfy non-Hermitian particle-hole symmetry as well. As a result, a pair of ψ + (x) = CT ψ − (x) and a pair of φ + (y) = CT φ − (y) form a quartet that have the same intensity pattern |Ψ(x, y)| 2 , such as mode 1-4 in Figs. 2(a) and (b) before the pump is applied. Note that due to the different values of g x , g y , all modes of the system are in the broken phase of particle-hole symmetry when the pump is weak, with all energy eigenvalues away from the imaginary axis [see Fig. 2(b), for example] .
We have chosen the cavity decay rate κ 0 = g x /2, and we find that no spontaneous symmetry restoration occurs if we pump a pair of A and B cavities near the center [marked in Fig. 2(e) ] to the lasing threshold of the system, defined by max(Im[ε n ]) = 0 [see Fig. 3(a) ]. However, the situation changes when we just pump the marked A cavity: mode 1 and 2 coalesce at an exceptional point [41] [42] [43] [44] [45] [46] [47] [48] on the imaginary axis and move along it as the pump strength γ A is increased [see Fig. 3(b) ]. One of them reaches the real-ε axis before all other modes and becomes the lasing mode of the system. The experimental signatures of these two different scenarios can be easily distinguished. In the case with restored non-Hermitian particle-hole symmetry, there is only one lasing mode and its frequency is given by the single-cavity frequency (Re[ε] = 0). In the case with broken particle-hole symmetry, two eigenstates emerge as the lasing modes if the gain is inhomogeneously broadened (i.e., cross saturation is weak when the frequencies of these modes are different), both detuned from the single-cavity frequency.
We note that although these properties are similar to a PT -symmetric laser [22, 23, [30] [31] [32] , our system clearly lacks PT symmetry with the aforementioned pump configurations: there does not exist a parity operation that exchanges gain and loss in the system, and in addition, the spectrum satisfy ε m = −ε * n instead of ε m = ε * n [see Figs. 2(a) and (b) ]. In fact, the two different lasing scenarios exist in a PT -symmetric laser exactly because it also has particle-hole symmetry, which we will elucidate in Sec. III D.
B. Tunable spatial profile at fixed frequency
In this subsection we show that by pumping different cavities in the photonic lattice, the spontaneous restoration process of particle-hole symmetry is modified, which provides a convenient approach to change the spatial profile of the laser without affecting its frequency, pinned at the zero energy and given by the single-cavity frequency.
We have shown that by pumping the A cavity near the center of the rectangular lattice, the lasing zero mode is created by the spontaneous restoration of the particle-hole symmetry for mode 1 and 2 shown in Figs. 2(a) and 3(b) . Now if we pump the A cavity at the upper left corner of the rectangular lattice instead, modes 5 and 6 in Fig. 2(a) undergo spontaneous symmetry restoration instead [see Fig. 4 (e)], leading to a different spatial profile of the laser at threshold [see Fig. 4(a) ]. In fact, a localized pump profile creates a strong mixing of modes in the passive system (i.e., before the pump is applied). As a result, the same pair of passive modes can give rise to different zero modes at laser threshold, when we vary the pump profile. One example is shown in Fig. 4(b) , where we pump the lower A cavity in the leftmost column and the lasing mode is again due to the spontaneous symmetry restoration of mode 5 and 6 [see Fig. 4(f) ]. Besides the spatial profile, the phase distribution of the wave function also changes, as we show in Figs. 
4(c) and (d).
We have verified that these spatial properties change when pumping each A cavity in our example, and each time the lasing takes place in a zero mode with unchanged lasing frequency. The same observations hold when pumping more than one cavity. For example, they exist in 22 out of 28 two-cavity pumping configurations on sublattice A with equal strength and also when pumping the entire sublattice A uniformly [see Figs. 7(a),(b) in Sec. III D]. In addition, since sublattices A and B are mapped onto each other with a parity operation about the central line either in the horizontal or vertical direction, each pumping configuration on sublattice A has a corresponding configuration on sublattice B, which then doubles the available spatial profiles of this zero-mode photonic lattice laser. Without further enumerating all multi-cavity pumping configurations on sublattice A and (or) B, we already see that this approach leads to a very versatile laser with a tunable spatial profile and a fixed lasing frequency, thanks to the zero modes protected by the non-Hermitian particle-hole symmetry.
It is worth noting that the lasing zero mode in each pump configuration here goes through an exceptional point when the spontaneous symmetry restoration takes place. This process leads to an enhanced gain of this mode, which in turn leads to a good single-mode performance: the imaginary part of this zero mode is significantly boosted after the exceptional point (see Fig. 5 ), which pushes it to be the first mode to reach the laser threshold (again defined by Im[ε] = 0), even way ahead of others in some cases [see Fig. 5(a) ].
To discuss the single-mode performance of our photonic lattice laser, it is also important to note that so far we have only discussed the "supermodes" that originate from the same single-cavity frequency ω 0 , assumed to be at or closest to the center frequency of the gain curve where the effective pump strength γ is the strongest. There are other groups of supermodes formed by different ω 0 's, but these modes have a lower γ, and by noting the steep increase of gain (Im[ε n ]) with γ in Fig. 5 for the lasing zero mode after the exceptional point, we know that these other competing groups of supermodes will have a noticeably higher lasing threshold, a concept that has been demonstrated in PT -symmetric lasers [31] .
C. Effect of disorder
In the discussions above we have shown one property of the photonic lattice laser that is protected by nonHermitian particle-hole symmetry: the frequency of the lasing zero mode is independent of how we pump the photonic lattice. As we have explained above, the zero energy corresponds to the center frequency of the gain curve, hence this property is a special (symmetry-protected) case of "line pulling" (see Ref. [49] , for example), where the passive cavity frequencies (now of the supermodes) are pulled towards the gain center as the pump strength increases.
The symmetry protection of the lasing frequency also applies to position and coupling disorder of the cavities in the photonic lattice. As long as these disorders do not change the nature of the couplings (i.e., by evanescent waves and real-valued), non-Hermitian particle-hole symmetry of the effective Hamiltonian stays intact, even when the couplings become asymmetric, i.e.,H pq =H qp (p = q). Therefore, the lasing frequency of a zero mode is still pinned at ε = 0.
Similar to chiral symmetry in the Hermitian case, particle-hole symmetry here breaks down when the singlecavity frequency varies from cavity to cavity, or when there are higher-order couplings between cavities in the same sublattice. For pump configurations where the gain of the lasing zero mode is much higher than the rest [see Fig. 5(a) ], we find that the variation of the lasing frequency ε lasing from zero energy is in fact smaller than . The pump configuration is the same as in Fig. 5(a) . (b) Same as (a) but for the pump configuration in Fig. 5(b) .
that of the disorder. One example is shown in Fig. 6(a) , where 20,000 realizations of Gaussian-distributed ω 0 's are examined. The standard deviation of ε lasing (denoted by σ lasing ) is about 90% of that of a weak ω 0 in this case. The variation of the lasing frequency is even smaller for the disorder of next-nearest-neighbor (NNN) couplings, which take place diagonally between two neighboring cavities in the same sublattice. For the same pump configuration considered above, σ lasing is about 55% of the standard deviation of NNN couplings, with the latter again modeled as a weak Gaussian disorder. When there are competing finite-energy modes with close thresholds as in Fig. 5(b) , these finite-energy modes only have a small chance of becoming the first lasing mode when the disorder is weak [e.g., about 0.01% for ω 0 disorder and 1% for NNN coupling disorder in Fig. 6(b) ], even though σ lasing becomes slightly larger than the standard deviation of the disorder [about 1.7 and 1.1 times for the two types of disorder in Fig. 6(b) ]. Therefore, we can conclude that the frequency accuracy of our zero-mode photonic lattice laser is comparable or even higher than that of a single-cavity laser in the presence of fabrication disorder, which is a desirable property towards practical applications.
D. Relation to PT -symmetric lasers
Non-Hermitian particle-hole symmetry is a general property of coupled systems with two sublattices in the presence of gain and loss, which we have shown using Eq. (3) . As mentioned at the end of Sec. III A, particlehole symmetry in fact exists in several previous demonstrations of PT lasers. Take the photonic molecule (PM) lasers [31, 32, 38] for example. They consist of two coupled identical microring, microdisk or microtoroid cavities, and their effective Hamiltonian can be written as a 2 × 2 matrix:H
The parity operator P exchanges these two cavities and takes the form of the first Pauli matrix σ x . If the net gain in one cavity equals the loss in the other (γ 1 = κ 2 ), the system is PT -symmetric and satisfies (PT )H(PT ) =H, with its energy eigenvalues either being real (PT -symmetric phase) or forming complex conjugate pairs (broken-PT phase); the spontaneous PT breaking hence takes place on the real-ε axis. In the meanwhile, this effective Hamiltonian has the form of Eq. (3) and hence satisfies non-Hermitian particle-hole symmetry as well, and its spontaneous symmetry breaking takes place on the imaginary-ε axis. Therefore, the spontaneous breaking (restoration) of these two symmetries can take place simultaneously at ε = 0. This finding is consistent with the fact that the unitary operator C (now given by σ z ) anticommutes with P, and consequently CT and PT can share the same eigenstates and exceptional point. Note however, the symmetric phases of these two symmetries are separated from each other by ε = 0: it is on the imaginary-ε axis for non-Hermitian particle-hole symmetry and on the real-ε axis for PT symmetry. Therefore, the aforementioned simultaneity indicates that when one of the symmetries is spontaneously broken for a pair of eigenstates, the other symmetry is spontaneously restored.
This property holds beyond a simple PM. For example, by pumping the entire sublattice A, the rectangular lattice in Fig. 2 also has both non-Hermitian particlehole symmetry and PT symmetry, which apply to the shifted effective HamiltonianH =H + i(κ 0 − γ A /2) [10]. This transform fromH toH leaves the eigenstates invariant, and the corresponding eigenvalues are simply shifted toε n = ε n + i(κ 0 − γ A /2). The simultaneous breaking (restoration) of non-Hermitian particle-hole symmetry and PT symmetry atε = 0 is shown in Fig. 7(a) . It can be shown that the spatial overlap between this pump profile and any two passive modes, denoted by m|A|n , is nonzero only when the two modes satisfy Ψ m = CT Ψ n : it is given by | m|A|n | = 0.5 when m|m = n|n = 1. As a result, only such particle-hole symmetric partners are strongly coupled at a weak pump strength, and they undergo a spontaneous restoration of particle-hole symmetry and break PT symmetry at the same time. The latter is reflected by the lack of parity symmetry about both the vertical and horizontal axes in the intensity profile shown in Fig. 7(b) ; note that the system does have π-rotation symmetry with this pump configuration. Spontaneous symmetry restoration and breaking of particle-hole and PT symmetries however, does not take place simultaneously in general [9] . For our selectively pumped photonic lattice laser, one example is shown in Fig. 7 (c) where we pump the eight cavities in the two 2 × 2 blocks on the diagonal of the rectangular lattice: two pairs of eigenstates undergo PT breaking away from the imaginary axis, i.e., without entering the symmetric phase of non-Hermitian particle-hole symmetry simultaneously. For a spontaneous breaking of non-Hermitian particle-hole symmetry to take place without restoring PT symmetry, it needs to occur away from the real axis, which we illustrate, just for a proof of principle, by going above the laser threshold with the same pump profile in Fig. 7 (c) and ignoring any nonlinear effects. The results are shown in Figs. 7(e) and (f), where the intensity profiles of the eigenstates resemble closely the pump profile due to gain guiding [52] with a strong pump strength.
IV. CONCLUSION AND DISCUSSION
In summary, we have discussed the consequences of chiral symmetry and partile-hole symmetry in non-Hermitian systems. Although both of them lead to a symmetric eigenvalue spectrum ε m = −ε n (m = n) in a Hermitian system, this property holds only for the chiral symmetry once the system is non-Hermitian. The non-Hermitian particle-hole symmetry requires ε m = −ε * n (m = n) instead in its broken-symmetry phase, and its symmetric phase now extends along the imaginary-ε axis and features eigenstates with a unique phase distribution.
Using the zero modes protected by non-Hermitian particle-hole symmetry in a photonic lattice and the spatial degrees of freedom they offer, we have proposed a single-mode, fixed-frequency, and spatially tunable zeromode laser. Note that the system does not need to have zero modes before the localized pump is applied, which is illustrated by a rectangular lattice with different coupling coefficients g x , g y in the horizontal and vertical directions; zero modes are created by spontaneous restoration of particle-hole symmetry, and by modifying this process using different pump configurations, we have demonstrated a versatile way to tune the spatial profile of our zero-mode laser, with its lasing frequency pinned at the zero energy, i.e., the single-cavity frequency ω 0 at or closest to the center frequency of the gain curve. Even when ω 0 varies from cavity to cavity and hence lifts the particle-hole symmetry, we have shown that the frequency variation of our zero-mode laser is comparable or even smaller than a single-cavity laser. We note that the variation of cavity decay rate κ 0 does not lift the particle-hole symmetry, nor does the position and coupling disorder in the photonic lattice.
We have shown that particle-hole symmetry is a general property of non-Hermitian photonic systems consisting of two sublattices. As a result, it exists in PT -symmetric lasers demonstrated previously, including the photonic molecule lasers [31, 32, 38] . There is another symmetry in non-Hermitian system that is related to both particlehole symmetry and PT symmetry, which was termed antisymmetric PT symmetry (or anti-PT symmetry for short) [50] , where the effective Hamiltonian anticommutes with a combined parity and time reversal operation. In fact, it can be treated as a special case of non-Hermitian particle-hole symmetry, where the general unitary operator C takes the form of the parity operator. Anti-PT symmetry and its spontaneous symmetry breaking have been observed in an atomic system, where two beams of flying atoms are coupled via coherent transport [51] .
Although here we do not carry out the nonlinear calculation when the pump strength is above the laser threshold, the discussions we have presented, including those on the single-mode performance of our zero-mode laser, should hold close to the laser threshold where the nonlinear effect is weak. This approach has been verified for PT -symmetric lasers by comparing with the steady-state solutions of the Maxwell-Bloch equations, obtained by the SALT formulism [10, 39] . Since neither gain saturation nor loss saturation lifts non-Hermitian particle-hole symmetry ofH given by Eq. (3), it is possible that more than one zero mode can lase simultaneously when the pump strength is high above the first laser threshold. This scenario of symmetry-enforced degenerate lasing is beyond our current discussion and will be studied in a future work. Nevertheless, it is important to note that these saturation effects prevent a huge contrast of gain and loss, which could otherwise lead to a lasing frequency deviated from the zero energy via spontaneous breaking of particle-hole symmetry at a high pump strength [see Fig. 7(e) ].
Finally, we comment that while a spatially tunable laser with a fixed frequency can be achieved by other means, for example, using a spatial light modulator [53] after a single-mode laser or a degenerate cavity laser with a variable aperture [54, 55] , they require conventional optical elements and hence cannot be easily integrated on a single chip. Our zero-mode photonic lattice laser, in contrast, does not suffer from this constraint, especially when the cavities are connected to individual electrodes and pumped electrically. Such a zero-mode laser may find applications in telecommunication, where spatial encoding is held by some to be last frontier of signal processing.
L.G. acknowledges support by the NSF under Grant No. DMR-1506987.
